Tests have been made to benchmark and assess the relative accuracies of low-order multireference perturbation theories as compared to coupled cluster ͑CC͒ and full configuration interaction ͑FCI͒ methods. Test calculations include the ground and some excited states of the Be, H 2 , BeH 2 , CH 2 , and SiH 2 systems. Comparisons with FCI and CC calculations show that in most cases the effective valence shell Hamiltonian ͑H v ͒ method is more accurate than other low-order multireference perturbation theories, although none of the perturbative methods is as accurate as the CC approximations. We also briefly discuss some of the basic differences among the multireference perturbation theories considered in this work.
I. INTRODUCTION
The most natural method for treating quasidegenerate electronic states is to apply some type of multireference ͑MR͒ formalism, such as the MR configuration interaction ͑CI͒ approach, MR coupled cluster ͑CC͒ methods, or MR perturbation theory ͑PT͒. MR-based approaches have the advantage over their single-reference counterparts in providing the flexibility needed to describe important molecular characteristics, such as bond breaking pathways, excited states, and transition states, within a few-body truncation scheme. For this reason, considerable effort has been devoted for more than two decades to formulate MR methods for both ground and excited electronic states. Ideally, these approaches should have most or all of the following characteristics: ͑i͒ size extensivity and size consistency, ͑ii͒ applicability to both closed-and open-shell systems, ͑iii͒ ability to accommodate all kinds of multidimensional reference spaces for different states, geometries, etc., ͑iv͒ low computer cost and high accuracy, ͑v͒ uniform accuracy in regions of real and/or avoided curve-crossings and in nondegenerate regimes, and ͑vi͒ rapid convergence.
Extensive studies over the past two decades have demonstrated that the state-of-the-art finite-order multireference many-body perturbation theory ͑MR-MBPT͒ methods, such as the complete active space perturbation theory ͑CASPT͒,
Møller-Plesset perturbation theory ͑MR-MP͒, 2,3 state-selective quasidegenerate perturbation theory, 4 quasidegenerate perturbation theory with multiconfigurational self-consistent field reference functions ͑CASPT2͒, 5 n-electron valence space perturbation theory ͑NEVPT͒, 6, 7 state-specific multireference perturbation theory ͑SS-MRPT͒, 8, 9 multiconfiguration perturbation theory ͑MCPT͒, [11] [12] [13] multideterminant state perturbation theory ͑MDSPT͒, 14 the intermediate Hamiltonian ͑IH͒ method, 15 and the effective valence shell Hamiltonian method ͑H v ͒, 16 are all capable of providing reasonable results for quasidegenerate and open-shell atomic and molecular systems, including larger systems. This should be contrasted with the infinite-order many-body methods based on CC theory [17] [18] [19] [20] that offer very high accuracies, but are typically limited to smaller systems, although significant progress has been achieved recently in extending the applicability of CC methods and CC computer programs to larger many-electron systems containing dozens of light atoms ͑see, e.g., Ref. 21͒ or several transition metal atoms ͑see, e.g., Ref.
22͒. The choice of method usually involves a trade off between accuracy and computational cost as well as a concern for the ease of use of various computer programs. In addition, for systems involving quasidegenerate and/or open-shell electronic states, it is important to consider the ability of a given method to describe the relevant nondynamic correlation. By design, all MR-MBPT methods are capable of representing nondynamic correlation very well. The popular single-reference CC approaches, such as CCSD͑T͒ ͑CC method with singles, doubles, and noniterative triples͒, 23 which accurately describe high-order dynamic correlation effects, may fail when large contributions from nondynamic correlation are a͒ Permanent address: Indian Institute of Astrophysics, Bangalore-560034, India. b͒ Author to whom correspondence should be addressed. Electronic mail:
freed@uchicago.edu present, [24] [25] [26] although the recently formulated completely renormalized ͑CR͒ extensions of the CCSD͑T͒ method, such as the CR-CCSD͑T͒ approach, behave quite well in quasidegenerate cases involving bond breaking. [24] [25] [26] [27] [28] Genuine multireference CC ͑MR-CC͒ methods, 29, 30 which are based on the concept of multidimensional model spaces and the generalized Bloch equation, fare very well in quasidegenerate cases, but they may suffer from problems due to single or multiple intruder state solutions. [30] [31] [32] The state-selective or statespecific ͑SS͒ MR-CC approaches, such as the BrillouinWigner MR-CC theory, [33] [34] [35] [36] [37] the SS MR-CC approach of Mahapatra et al., 38, 39 and the active-space CC methods of Adamowicz, Piecuch, Bartlett, and their collaborators, [40] [41] [42] [43] [44] [45] [46] [47] [48] [49] [50] [51] [52] are much better in this regard, although their accuracy varies from very high to sometimes comparable to or worse than the accuracy of single-reference CC calculations ͑see, e.g., Ref. 30 for an overview͒.
A useful guide through the vast array of many-body methods is provided by benchmarking their performance for "difficult" systems that are small enough for comparisons with full configuration interaction ͑FCI͒ calculations. In this paper, we compare the performance of different MR-MBPT methods with the FCI and CC calculations for a few different systems of increasing complexity, namely, H 2 , Be, BeH 2 , CH 2 , and SiH 2 .
Among the above systems, the Be atom has served as a widely used benchmark case for testing ab initio methods and for comparing the efficiency of various quantum chemical methods. While having only four electrons, the Be atom is a "difficult" system, since the near 1s 2 2s 2 -1s 2 2p 2 degeneracy and the existence of a true 1s 2 2s3s intruder state introduce severe divergence problems in many types of perturbative calculations. 53 The accurate determination of singlettriplet splittings ͑ 1 A 1 − 3 B 1 ͒ for CH 2 and SiH 2 is also nontrivial, since it requires the precise and well balanced incorporation of electron correlation effects and an accurate description of the ground and excited states of different symmetries. The H 2 and BeH 2 systems offer the opportunity for considering the performance as a function of nuclear geometry and varying degree of configurational quasidegeneracy.
While the quality of predictions from multireference perturbation theory methods may critically depend on the choice of reference space, the comparisons here employ only a minimal complete active space ͑CAS͒ as the reference space. This choice is made, in part, because the methods vary in the flexibility for choosing reference spaces. Illustrations of the dependence on reference space are described elsewhere for several of the methods considered here. 54 Section II summarizes the basic formalism used to define all multireference perturbation theory methods, and a brief description of the specific MR-MBPT approaches used in this work is presented in Sec. III. A comparison of various multireference perturbation theory calculations with the corresponding FCI and CC results is discussed in Sec. IV. Conclusions are provided in Sec. V.
II. THEORETICAL BACKGROUND
The most extensively used low-order multireference perturbation theory methods can broadly be classified as either "perturb then diagonalize" or "diagonalize then perturb" approaches. The starting point for all these methods is the decomposition of the exact Hamiltonian H into the zeroth-order Hamiltonian H ͑0͒ and the perturbation V,
where H ͑0͒ is often constructed as a sum of one-electron Fock-like operators. The full many-electron Hilbert space of dimension N is then partitioned into a reference space M 0 ͑also called the active or model space͒ of dimension M Ӷ N, defined by the projector P, and its orthogonal complement M 0 Ќ associated with the projector Q =1− P. Once the active space M 0 is defined, a wave operator ⍀ is introduced that satisfies
where ͉⌿ i ͑0͒ ͘ and ͉⌿ i ͘ are the unperturbed and the exact ͑FCI͒ wave functions of the ith eigenstate of the Hamiltonian, respectively. The wave operator ⍀, which formally represents the mapping of the reference space M 0 onto the target space M spanned by the M eigenstates ͉⌿ i ͘, has the properties,
With the aid of the wave operator ⍀, the Schrödinger equation for the M eigenstates of the Hamiltonian correlating with the M-dimensional reference space M 0 ͑also called the P space͒ of M unperturbed states ͉⌿ i ͑0͒ ͘, i.e.,
is transformed into a generalized Bloch equation
where H eff ϵ PH⍀P is the effective Hamiltonian. Once Eq. ͑4͒ is solved for the wave operator ⍀, the energies E i , i =1, ... , M, are computed in the "perturb then diagonalize" approaches by diagonalizing the effective Hamiltonian H eff in the M-dimensional reference space M 0 , while the "diagonalize then perturb" schemes employ other ways of dealing with Eq. ͑4͒, as mentioned below. Equation ͑5͒ is the basic equation for most multireference perturbation theory approaches. ͑It is also used to formulate all genuine MR-CC methods. [29] [30] [31] [32] ͒ As noted earlier, depending on the choice of the zeroth-order wave function and energy, we distinguish between the diagonalize then perturb and perturb then diagonalize MR-MBPT methods. In the perturb then diagonalize varieties, the wave operator ⍀ is determined by projecting Eq. ͑5͒ onto the Q-space states belonging to M 0 Ќ , whereas the eigenvalues E i and the zerothorder wave functions ͉⌿ i ͑0͒ ͘ are obtained by diagonalizing the
On the other hand, in the diagonalize then perturb methods such as CASPT2, a multiconfigurational wave function ͉0͘ϵ͉⌽ i ͘, which defines the zeroth-order state ͉⌿ i ͑0͒ ͘, is generated from a CASSCF ͑or small CI͒ calculation. The first-order correction to the wave function ͉⌿ i ͘ is then expanded in terms of the suitably defined configuration state functions ͑CSFs͒ ͉j͘,
where the coefficients C j are determined by solving a system of linear equations of the form
where E i ͑0͒ = ͗0͉H ͑0͒ ͉0͘ϵ͗⌽ i ͉H ͑0͒ ͉⌽ i ͘ is the zero-order energy corresponding to the multiconfigurational wave function ͉⌽ i ͘. The zeroth-order Hamiltonian H ͑0͒ in Eq. ͑7͒ is totally different than that used in the diagonalize then perturb methods. ͑For more details, see the work of Andersson et al. 1 and Hirao.
2 ͒ The choice of reference space, orbitals, orbital energies, and the zeroth-order Hamiltonian, as well as the specific formulation of MR-MBPT can severely affect the convergence behavior, size extensivity, and accuracy of the results. For example, the diagonalize then perturb approaches of the CASPT2 type use projectors to define the zeroth-order Hamiltonian, and this may lead to departures from strict size extensivity. 55 A similar problem occurs when the MCPT method is employed, though a size consistent version of MCPT has recently been developed.
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III. OVERVIEW OF SELECTED MULTIREFERENCE PERTURBATION THEORY METHODS
Since the details of the CASPT2, MR-MP, and MDSPT methods ͑and their variants͒ are extensively discussed elsewhere, we only outline the effective valence Hamiltonian ͑H v ͒ approach and the recently developed SS-MRPT, NEVPT2, and MCPT schemes.
The effective Hamiltonian method ͑H v ͒ belongs to the less common perturb then diagonalize category. The H v scheme determines the unoccupied valence orbitals and their energies from a V N−1 Fock operator and defines the zeroorder Hamiltonian H ͑0͒ as
to remove the most egregious intruder state problems and thereby improve the perturbative convergence. 57 The valence orbital energies ⑀ v are evaluated from the original set of valence orbital energies ⑀ v by the democratic averaging,
with N v representing the number of valence orbitals spanning the CAS. Because of the averaging procedure, an additional diagonal perturbation V d = ⑀ v − ⑀ v appears in the H v procedure, beginning with the third order.
A variant of diagonalize then perturb MR-MBPT, called n-electron valence space perturbation theory ͑NEVPT2͒, has recently been proposed by Angeli et al. 6 This formalism also chooses zeroth-order CASSCF/CASCI wave functions. The NEVPT2 method differs from CASPT2 in the choice of wave functions external to CAS and in the definitions of zeroth-order energies. The NEVPT2 method first divides the orbital space into three orbital subspaces of inactive orbitals with occupations of 2, active orbitals with variable occupations, and virtual orbitals with occupation number 0. Eight classes of spaces S l ͑k͒ are generated by the action of excitation operators, and these classes differ in the number of electrons ͑k͒ promoted to and from the CAS space, where l denotes the occupation of inactive orbitals. Different numbers of perturbing functions are chosen for the S l ͑k͒ spaces by further subdividing these spaces into various categories, viz., strongly contracted spaces, partially contracted spaces, etc. For further details, we refer to the work of Angeli et al. 6, 7 The SS-MRPT scheme is a diagonalize then perturb approach that is designed to facilitate relaxation of the reference function and that is, thus, very effective in treating states of mixed parentage. The emphasis in this approach is to develop a state-specific theory, targeting only a single state rather than several states simultaneously. This goal is achieved by invoking a wave operator which acts on just one reference space function.
The CAS-based SS-MRPT version of Mukherjee and co-workers 8, 9 uses Rayleigh-Schrödinger and BrillouinWigner type perturbation expansions with robust denominators to avoid intruder state problems in a natural manner. The method is rigorously size extensive, and, hence, the energy obtained is also size consistent because the reference determinants span a CAS and because the CAS is invariant under separate transformations among the core orbitals and among the active orbitals. Since the SS-MRPT method of Mukherjee and co-workers 8, 9 uses an approach based on relaxed coefficients, it might appear to involve extensive computations to remove redundancies in the excitation amplitudes. This drawback is largely minimized by an appropriate organization of the computational algorithm. 10 This section is closed by describing the recently developed single-state multiconfigurational perturbation theory ͑MCPT͒. 11 The essence of MCPT is that perturbative corrections can be derived for an arbitrary reference ͑zeroth-order͒ function through the definition of virtual excited states. In this way, no special character of the reference function must be assumed at the outset; in particular, the reference state is not required to be a CAS wave function. At the same time, the formulation of the theory remains so simple that there is no need to apply numerical orthogonalization procedures nor to solve linear systems of equations, such as Eq. ͑7͒, in order to evaluate perturbative corrections, and the reduced resolvent in MCPT is always diagonal. Another noteworthy feature of this scheme is the presence of adjustable parameters-the zeroth-order excited state energies-which can be used to tune the zeroth-order Hamiltonian to the problem of interest. In other words, the partitioning of the Hamiltonian in MCPT is not fixed a priori. Thus, MCPT is a general framework rather than one single method. A specific variant of MCPT follows by fixing the zeroth-order excited state energies in a particular way. Here, we consider the following four variants of MCPT ͑for more details, see Refs. 12 and 13͒.
͑i͒
The Møller-Plesset-like partitioning ͑denoted as MP-MCPT͒ constructs the energy denominators as the differences of the eigenvalues of the multiconfigurational Fock matrix. ͑ii͒
The diagonal elements of the multiconfigurational Fock matrix are defined in terms of the one-particle energies for the Davidson-Kapuy partitioning ͑DK-MCPT͒ proposed by Davidson. ͑iii͒ The generalized Epstein-Nesbet partitioning ͑desig-nated in Table I as EN-MCPT͒ defines the energy denominators of a given determinant ͉k͘ as ͗k͉H͉k͘ − ͗0͉H͉0͘. ͑iv͒ The optimized partitioning ͑OPT-MCPT in Table I͒ determines the energy denominators from a suitably designed optimization equation. [11] [12] [13] 58 The IH method 15 is of the perturb then diagonalize variety in which the reference space is further partitioned into the main space whose energies are of interest and an intermediate space whose properties are adjusted to optimize the performance in the main space. While it is beyond the scope of the present work to discuss all the pros and cons of each perturbative scheme, the benchmarks against FCI partially serve this purpose.
IV. RESULTS AND DISCUSSION
A. Be
The ground and excited state energies of the Be atom are computed with three different basis sets, viz., 6-31G, 59 6311G**, 60 and DZ-ANO. 61 A 2ϫ 2 CAS reference space comprising the 1s 2 2s 2 and 1s 2 2p 2 CSFs is used for the multireference perturbative calculations that also yield the 1 S excited state energy. All single-reference treatments ͑MP2, CC͒ are based on the restricted Hartree-Fock 1s 2 2s 2 CSF. The Be atom provides a simple, yet nontrivial benchmark for assessing the relative performance of various multireference perturbation theory approaches. Several singlereference methods are considered for comparison purposes. The single-reference methods include the second-and thirdorder MBPT approaches ͑MP2 and MP3, respectively͒ and a few CC and equation-of-motion CC ͑EOM-CC͒ methods. The CC approaches are computationally more expensive than the low-order MR-MBPT methods ͑assuming that the multidimensional reference spaces used in MR-MBPT calculations are not too large and that the perturbation theory calculations are truncated at second or third orders͒, but the CC treatments have the advantage of including important classes of many-body diagrams through infinite order. Along with the standard CC methods, such as CCSD ͑CC singles and doubles͒ 62 and CCSD͑T͒, 23 we include results of the renormalized ͑R͒ and completely renormalized ͑CR͒ CCSD͑T͒ calculations, [24] [25] [26] [27] [28] 63, 64 as well as full CCSDT ͑CC singles, doubles, and triples͒ 65, 66 computations. The R-CCSD͑T͒ and CR-CCSD͑T͒ methods are designed to improve the CC results in cases of configurational quasidegeneracy accompanying chemical bond breaking where the standard CCSD͑T͒ approach fails, [24] [25] [26] [27] [28] 63, 64 but their performance in cases of orbital quasidegeneracy characterizing the ground and excited states of the Be atom has not received much attention. In addition to the original formulation of the CR-CCSD͑T͒ theory, 27, 28 we apply the newest variant, which is termed the CR-CCSD͑T͒,ID model 63 and which uses the diagonal matrix elements of the triples-triples block of the similarity transformed Hamiltonian of the CCSD theory instead of the bare orbital energies that are used in standard CCSD͑T͒ treatments to specify the perturbation theory denominators defining the noniterative triples correction. Calculations are also presented using the excited state extensions of the CCSD and CR-CCSD͑T͒,ID methods via the EOM-CC formalism ͓the EOM-CCSD 67 Tables I-III demonstrate that the standard CCSD͑T͒ method and its renormalized and completely renormalized versions, which are based on the idea of adding relatively inexpensive noniterative corrections due to triples to CCSD/EOM-CCSD energies, provide very accurate estimates of the ground and excited state energies of Be, particularly when the CR-CCSD͑T͒,ID/CR-EOMCCSD͑T͒,ID approach is employed. The only methods that can compete with the CR-CCSD͑T͒,ID approach in the ground-state calculations are the expensive full CCSDT and MR-CCSDT schemes. The superb accuracies obtained with the iterative or noniterative CC triples methods could be expected due to the infinite-order nature of the CC theory. There are minor ͑typically, microhartree-type͒ differences between the CCSD͑T͒, R-CCSD͑T͒, CR-CCSD͑T͒, CCSDT, and MR-CCSDT energies for the Be ground state energy and between the results of CC calculations with noniterative or iterative triples and the FCI, indicating that the 2s-2p orbital degeneracy in Be does not pose a problem for the infinite order CC theory, particularly when contributions from triply excited clusters are included. The CR-EOMCCSD͑T͒,ID approach provides equally accurate energies for the 1 S͑2p 2 ͒ ͑Table II͒ and 3 P͑2s2p͒ ͑Table III͒ excited states. In fact, the CR-EOMCCSD͑T͒,ID 3 P͑2s2p͒ excited state energy is virtually exact. For both excited states, the CR-EOMCCSD͑T͒,ID method provides considerable improvements over the standard EOM-CCSD treatment, but these improvements are particularly dramatic for the 1 S͑2p 2 ͒ state, where the basic EOM-CCSD approximation produces relatively large errors. The latter behavior reflects the fact that all CR-EOM CCSD͑T͒ methods 63 ͓including the CR-EOMCCSD͑T͒,ID approach used here͔ have been designed to improve significantly the relatively poor description by the EOM-CCSD approach of quasidegenerate excited states that are dominated by two-electron transitions, such as the 2s 2 
→ 2p
2 excited state of Be. Because the 3 P͑2s2p͒ state has a predominantly singly excited character, the basic EOM-CCSD method is already quite accurate, and the CR-EOM-CCSD͑T͒,ID method improves the already very good EOM-CCSD energy, making it essentially exact.
The considerably poorer accuracy of the single reference MP2 and MP3 energies compared to the single and multireference CC and low-order MR-MBPT calculations clearly demonstrates the importance of higher-order MPn contributions for the ground state of Be. Tables I-III further indicate that the bulk of the correlation energies for the ground and excited states of the Be atom can be incorporated either through some of the low-order multireference approaches or through the infinite-order CC and EOM-CC methods. Table I demonstrates that the performance of the MCPT method strongly depends on the applied partitioning scheme. For the Be calculations employing the small 6-31G basis set, the DK type partitioning seems to work better than the EN partitioning. Although the EN-MCPT2 result is quite accurate, the EN-MCPTn series diverges for the Be ground state. In contrast, the DK-MCPTn series seems to converge. The DK-MCPT4 energy drops slightly below the exact FCI energy, so that the convergence of the DK-MCPTn series is not necessarily monotonic for Be. Nevertheless, the results of the DK-MCPTn calculations are very encouraging. Secondorder calculations using the optimized partitioning ͑the OPT-MCPT2͒ are also very accurate for the 6-31G basis set. The behavior of the EN-MCPTn versus the DK-MCPTn series for the 6-31G basis should be contrasted with that observed for the larger 6-311G** basis set, where both series appear to be convergent and the errors obtained with the EN partitioning are halved compared to the MP partitioning case. Considering the number of contracted Gaussian functions present in the DZ-ANO and 6-311G** basis sets, the accuracies of MCPT and OPT calculations with the DZ-ANO basis ͑not displayed in Table I͒ are expected to be quite similar to those obtained from the 6-311G** basis.
Apart from some technical differences, such as the choice of zeroth-order energy, the MDSPT method 14 is quite Tables II and III 
B. H 2
The low-order perturbative convergence for the ground state of the H 2 molecule is studied at three different geometries. We employ the same basis ͑6-31G**͒ and the same ͑2,2͒ CAS ͑1 g 2 and 1 u 2 CSFs͒ as used by Rolik et al. 11 in their MCPT calculations. Tables IV and V, respectively, present the absolute deviations from the FCI values, i.e., ͉E theory gr − E FCI gr ͉, for the ground state and the
1 ⌺ g + transition energies computed using various loworder perturbative schemes. ͑The CCSD and EOM-CCSD methods are exact in this case.͒ Here we find that the MCPT results again strongly depend upon the choice of partitioning scheme as expected. Though the MCPT energies are satisfactory, they are not as accurate as other second-order approaches. Among the diagonalize then perturb category, the SS-MRPT calculations appear to be most accurate. The SS-MRPT approach fares much better than the IH method for H 2 . Since both the SS-MRPT and IH methods specify the same 1 u 2 CSF as the "intermediate" space, the eigenvalue corresponding to the 1 u 2 CSF is not an approximate eigenfunction of the physical Hamiltonian. This explains why only the ground state energy is displayed for the SS-MRPT and IH methods in Table IV . The H v method provides a precise estimate ͑at each order͒ of the ground state and the
C. BeH 2
Treating the BeH 2 system presents well-known difficulties in describing the ground state potential energy surface for the C 2v insertion of the Be atom into H 2 with singlereference methods. Therefore, the BeH 2 insertion reaction has served as an important benchmark for testing new approaches. [74] [75] [76] [77] As in earlier calculations, the insertion path of Be into H 2 is modeled as a straight line r = 2.54 − 0.46R bohr, where r is the H-H separation and R is the distance between the Be atom and the midpoint of the H 2 internuclear bond. Our calculations for the BeH 2 system follow the earlier works [74] [75] [76] [77] by being performed with a basis set constructed from a contracted ͓12s3p͔ / ͑3s1p͒ Gaussian set for Be and a ͓4s͔ / ͑2s͒ Gaussian set ͑with scaling factor of 1.2͒ for the H atom.
The FCI calculations show that the 1a 1 2 2a 1 2 1b 2 2 and 1a 1 2 2a 1 2 3a 1 2 CSFs dominate the ground state ͑1 1 A 1 ͒ wave function along the C 2v insertion path. Specifically, the 1a 1 2 2a 1 2 1b 2 2 determinant dominates the 1 1 A 1 state at R = 2.5 bohr ͑geometry A͒, whereas the 1a 1 2 2a 1 2 3a 1 2 determinant dominates the FCI expansion of the 1 1 A 1 state at R = 3 bohr ͑geometry C͒. Thus, the 1 1 A 1 state is nondegenerate at geometries A and C, and standard single reference methods, such as the CCSD͑T͒ approach, work very well in this case, producing errors in the microhartree range ͑see Table VI͒. The situation dramatically changes, when the Be atom is placed 2.74 bohr from the center of the H 2 molecule ͑geom-etry B͒. In this case, the 1a 1 2 2a 1 2 1b 2 2 and 1a 1 2 2a 1 2 3a 1 2 configurations become equally important, largely because of the quasidegeneracy of the 2s and 2p orbitals of Be. This multiconfigurational nature of the wave function at geometry B leads to severe convergence problems for single-reference perturbative treatments. In particular, the error in the CCSD͑T͒ energy relative to the FCI increases from 30-40 µhartree at geometries A and C to over 3 mhartree at geometry B ͑see Table VI͒. The R-CCSD͑T͒ and CR-CCSD͑T͒ methods are capable of restoring high accuracy at geometry B, which is a consequence of the well-known ability of these approaches to describe large nondynamic correlation or configurational quasidegeneracy effects in spite of the apparently single reference nature and relatively low cost of the R-CCSD͑T͒ and CR-CCSD͑T͒ calculations. [24] [25] [26] [27] [28] None of the low-order MR-MBPT schemes, using the two 1a 1 2 2a 1 2 1b 2 2 and 1a 1 2 2a 1 2 3a 1 2 CSFs as reference determinants, is capable of matching the high accuracy of the R-CCSD͑T͒ and CR-CCSD͑T͒ calculations. In fact, some methods, such as the MP-MCPT scheme perform rather poorly, exhibiting slow ͑geometries A and B͒ or, perhaps, even no ͑geometry C͒ convergence. Unlike in the CR-CCSD͑T͒ case, the errors in the MP-MCPT, SS-MRPT, and MR-MP results vary considerably with the geometry, producing large nonparallelity errors relative to the FCI. The H v method seems somewhat better in this regard, particularly when the ͓1,0͔ Padé approximants are employed. On the other hand, unlike the Be and H 2 cases, the SS-MRPT approach fares slightly better than the H v method, producing errors that at geometry C begin to compete with the CC calculations.
D. Singlet-triplet splittings in CH 2 and SiH 2
The calculation of the singlet-triplet splittings in CH 2 and SiH 2 provides another well-known test case for calibrating quantum chemical methods because the poor quality of the SCF approximation for these splittings indicates that electron correlation effects contribute strongly to these splittings. Fortunately, FCI benchmarks by Bauschlicher and Taylor 78, 79 are available for these two systems for testing the accuracy of various perturbative and nonperturbative manybody methods.
The H atom basis used in the CH 2 Tables VII and VIII shows that the singlet-triplet splittings of CH 2 and SiH 2 estimated from n-electron valence state perturbation theory ͑NEVPT2͒ 84 are better than the CASPT2 splittings but not as accurate as those obtained from the MDSPT and H v methods. In fact, the splittings computed with the MDSPT scheme, the H v method, and the ͓1,0͔ Padé approximant constructed from the H v data are all comparable to the best CC and EOM-CC estimates. The only other relatively inexpensive approach that might improve these results even further is the genuine MRCCSD theory which, as shown in Ref. 85 , is capable of giving a 0.04 kcal/ mol difference with FCI for the single-triplet splitting in CH 2 .
V. CONCLUSION
Test calculations have been performed to benchmark and assess the relative accuracies of various different low-order multireference perturbation theory methods by comparing their predictions with one another and with the corresponding FCI and CC calculations. Test systems include cases with quasidegeneracy at the transition state or during bond breakage for which single-reference perturbation expansions are often uselessly divergent. The CC and EOM-CC methods with triples are the most accurate, and the accuracy of effective valence shell Hamiltonian ͑H v ͒ method is often better than that obtained with other multireference perturbation theories, although the performance of other multireference perturbation theory schemes is usually satisfactory from the practical standpoint. We have demonstrated that the MDSPT approach fares better than other diagonalize then perturb methods. The examples considered involve the use of complete reference spaces of minimal sizes. Another degree of freedom to be considered lies in the size of the reference space and, for some approaches, in the use of incomplete reference spaces. 
